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Abstract 


In this paper, we discuss the analytical solution of the accelerating structure electro- 
magnetic field. We mainly discuss the field and circuit method to analyze the accelerating 
structure. We discuss two kinds of accelerating structures: the traveling wave accelerating 
structure and the standing wave accelerating structure. Some results are presented in this 


paper. 
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1 Introduction 


The accelerating structure is the core element of the accelrator[1, 2, 3, 4, 5, 6]. Usually, the 
structure works in the TM mode. There are two kinds of accelerating structure, the traveling 
wave accelerating structure and the standing wave accelerating structure. The proton accelerator 
often uses the standing wave accelerating structure, while the electron accelerator often uses the 
traveling wave accelerating structure. As for the electron accelerator, there are several kinds of 
typical popular structures: L-band ( 1300M#Hz ), S-band ( 2856M Hz ), C-band ( 5712MHz 
), and X-band ( 11.4GHz ) which exist in the world accelerator laboratories. Figure 1 is the 
schematic model of the disk loaded structure. 


structure 


Figure 1.The disk loaded accelerating struture 


One of the main characteristics of the electromagnetic wave is its dispersion relation. The 
dispersion relation of the electromagnetic wave is the functional relation between the wave 
frequency and the wave number f(w,k) = 0. The phase velocity of the electromagnetic wave is 
Up = |, while the group velocity of the electromagnetic wave is vg = w, The electromagnetic 
wave whose phase velocity is bigger than the light velocity is called the fast wave, but the 
electromagnetic wave whose phase velocity is less than the light velocity is called the slow wave. 


2 Time harmonic factor of traveling wave field 


There are two kinds of the accelerating structures: the traveling wave structure and the 
standing wave structure. Furture, there are two kinds of analyzing methods for solving the 
electromagnetic field in the accelerating structure: the analytical method and the numerical 
method. The analytical method is limited to some simple structure, and belongs to the closed 
electromagnetic field theory. With the great step developement of the computer and the numer- 
ical method, there appear the electromagnetic field simulation softwares: MAFIA, Superfish, 
CST and HFSS. The simulation research becomes the routine for the accelerating structure re- 
search. One forgets the analytical method gradually. In this paper, we introduce the analytical 
method to solve the electromagnetic field of the accelerating structure. In cylindrical coordinate 
(r,0,z), the time harmonic factor of the traveling wave field in the accelerating structure is 
exp(i(wt — kz)). The standing wave can be divided into two antipropagating traveling waves. 
Due to the linear overlapping principle of Maxwell equations, we only disscuss the case of the 
traveling wave. 


3 The basic wave equations 


In the accelerating structure, the sourceless wave equations can be expressed as 


Vx B= y (1) 


Vx H = Sek. (2) 
c 
Expanding the equations above, we obtain 
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4 Solving the wave equations from the longitudinal field equa- 
tion 


Using the lomgitudinal fields to express the transverse fields, we get 


2 —1 2 : 
Oo a2 OE, iwulðH, 
Be (3 pe he) (ras c r OO )» (9) 
2 =1 2 . 
w 10E,  iwpOH; 
E = (ue — kz? | ; 10 
k (aie ) (300z c Or ) (10) 
2 -1 ; 2 
Ww iwe 1 0E O* 
H, = (= pe — kz? Zj = 11 
ae yA c r ð Droz? a 
2 —1 2 P 
w 10° iwe OF 
Ho = (ue — ke” 2 Zy; 12 
í (3 ME ) = 0z00 c Or ) (12) 
While the equations of the longitudinal fields are Hemholtz equations 
2 w? 
(V T he) E: = 0, (13) 
2 w? 
(V = he) Hz = 0. (14) 


So, we first solve the longitudinal field equations. And then get the transverse fields from the 
longitudinal field solutions. 


5 The eigen mode equation 
As for thr Hemholtz equation of the longitudinal field part, we divide the operator V? —> 
Vv? + 4, using the traveling wave condition we can get the following partial differential equation 
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where f stands for the longitudinal field part. Its solution are the sum of a series of Bessel 
functions. The eigen mode equation is 


VIEREN: (16) 
In case of the cylindrical coordinates, the TM eigen mode equation is 
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In case of TMon , 2> = 0, the equation is simplified into the Bessel equation, its solution is 
fn = Ado(Bnr) (18) 


the conventinal fundamental mode is T Mo1. 


6 The equivalent circuit and the dispersion relation 


The equivalent circuit method is a kind of simple tool to solve the main characteristics of the 
accelerating structure. The basic idea is to expanse the electric field as the form of E(r,)V(z,w), 
and to expanse the magnetic field as the form of H(r,)I(z,w)Z, where Z is the wave impedance. 
Using this method, we can get the dispersion relation of the accelerating structure. To speak 
physically, we divide the accelerating structure into a series of the coupled resonant cavity. The 
equivalent circuit of the traveling accelerating structure is shown as Figure 2. 
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Figure 2.The equivalent circuit of the traveling wave accelerating struture 


Using the equivalent circuit in Figure 2, we can get the common dispersion relation of the 
traveling wave accelerating structure 


w? = we(1 — Kcos(6)). (19) 


where wo,@ are the resonant frequency and the phase shift, « is the coupling coefficient. The 
coupling coefficient can be estimated roughly as 
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where a is the bore radius, and L is the length of the cavity. The group velocity of the traveling 


wave accelerating structure is 


wol Ksin(@) 


2  „/1= kcos(0) 
Using the typical parameters of the SLAC S-Band accelerating structure, the working frequency 


is 2856M Hz, the coupling factor between the cells is estimated to be 0.15 roughly. Therefore, 
the typical dispersion relation curve and the typical group velocity are shown in Figure 4 and 


Vg = (21) 


Figure 5. 
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Figure 3.The typical dispersion relation of the traveling accelerating structure 
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Figure 4.The group velocity of the traveling wave accelerating struture 


The coupling factor can be obtained from the experiment research, or from the field analyzing 
method. The accelerating structure can works in both the traveling wave mode and the returning 
wave mode. The working mode is determined by the working point in the dispersion relation 
curve. In case of the traveling wave region, the directions of the phase velocity and the group 
velocity are the same. While in case of the returning wave region, the directions of the phase 
velocity and the group velocity are vice verse. 

As for the standing wave accelerating structure, its equivalent circuit is shown in Figure 3. 
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Figure 5.The equivalent circuit of the standing wave accelerating struture 


From the equivalent circuit above, we can derive the dispersion relation of the standing wave 
accelerating structure 
2 
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In the standing wave accelerating structure, the frequency is independent of the wave number, 
therefore the group velocity of the standing wave accelerating structure is 0. The filling time of 
the standing wave accelerating structure is the field buiding time of the cavity. 
Because « is small, the dispersion relation of the standing wave accelerating structure can 
be also approximated as 
w? = we(1 — Kcos(0)). (23) 


Using the equivalent circuit method, we discuss the dispersion relation of the accelerating struc- 
ture. Although, the dispersion relation of both the traveling wave and the standing wave accel- 
erating structure can be expressed as w? = wê (1— «cos(0)), but the underline physics is different. 
the analytical result can describe the physics simply, we still need the numerical and experiment 
research to study further. 


7 Discussion 


With the development and the maturity of the computer and the numerical method, the 
numerical experiment will be one of the important marching directions for physics. The classical 
macroscopic electromagnetic theory is an branch of the physics. The governing equations of the 
electromagnetic theory is the Maxwell partial differential equations. The simulation techniques 
for the electromagnetic theroy is well mature. The physical model whose analytical solution can 
be gotten is just a rice in the sea. But the familarity with the analytical method will be of the 
great help to the numerical experiment. 
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